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Abstract 

A concept of the Moufang-Malt'tsev pair is elaborated. This concept is based on the 
generalized Maurer-Cartan equations of a local analytic Moufang loop. Triality can be seen 
as a fundamental property of such pairs. Based on triality, the Yamagutian is constructed. 
Properties of the Yamagutian are studied. 
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1 Introduction 

In pQ, the generalized Maurer-Cartan equations for a local analytic Moufang loop were found. 
In this paper, we elaborate a concept of the Moufang-Mal'tsev pair which is based on the 
generalized Maurer-Cartan equations. Such a concept may also be inferred from the theory of 
alternative algebras [21 13]. Triality can be seen as a fundamental property of such pairs. Based 
on triality, the Yamagutian is constructed. Properties of the Yamagutian are studied. 

2 Moufang-Mal'tsev pairs 

Let A4 be an anti-commutative algebra and let £ be a Lie algebra. Throughout this paper we 
assume that both algebras have the same base field F (= R or C; as a matter of fact, only 
char F ^ 2, 3 is essential). Denote by (S, T) a pair of the linear maps S,T : M. — > C 

Definition 2.1 (Moufang-Mal'tsev pair). We call (S,T) a Moufang-Mal'tsev pair if 

[S x , Sy] = S[ X: y] — 2[S x ,Ty] (2.1a) 

[T x ,T y ]=T M -2[T x ,Sy] (2.1b) 

for all x, y in Ai. 

We call (|2.1a .b) the Moufang-Mal'tsev relations. Note that the same brackets [•, •] are used 
to denote multiplications in M. and C. 

Proposition 2.2. Let (S,T) a Moufang-Mal'tsev pair. Then 

[SxfTy] = [T x ,Sy] 

for all x,y in M. 

Proof. Use anti-commutativity in C and A4. □ 
Corollary 2.3 (minimality conditions). The Moufang-Mal'tsev conditions read 

2[S X ,Ty] = <S'[ a . j j / ] — [S X , Sy] = T^y^ — [T x ,Ty] = 2 [T x , Sy] 

Remark 2.4. Deviations of S and T from algebra maps may be considered as "minimal" for 
the Moufang-Mal'tsev pair. 



3 Triality 

Proposition 3.1. Let (S,T) be a Moufang-Mal'tsev pair. Then (— T, —S) is a Moufang-Mal'tsev 
pair as well. 

Proof. By using anti-commutativity in M, rewrite the Moufang-Mal'tsev conditions of (S, T) as 
follows: 

[ Ty] = 2~[lE,J/] 2[ T X , Sy] 

[~ S x , ~Sy] = — ~~ 2[— S^, — Ty] □ 

Consider a triple (<S, T, P) of the linear maps S,T,P : M —* L, such that 

5 + T + P = 

With a given triple (S 1 , T, P) we can associate the pairs 

(5,T), (-T,-S), (T,P), (-P,-T), (P,5), (-S,-P) (3.1) 

Lemma 3.2 (triality). Let some pair from $3.1\) be a Moufang-Mal'tsev pair. Then all other 
pairs from h3.1\) are the Moufang-Mal'tsev pairs as well. 

Proof. Assume that (S, T) is a Moufang-Mal'tsev pair. Then we know from above Proposition 
13.11 that (— T, —S) is a Moufang-Mal'tsev pair. The required minimality conditions for (T, P) 
and (P, S) read, respectively, 

2[T x ,Py] = P[x,y] ~ Px?^l/] = P[y,x] ~ [Px,Py] = 2[Pr,Py] 
2[P x ^Sy] = P[x,y] ~ [Pxi Py] = S[y,x] ~ [Sxi Sy] = 2[5' 3 ;,Py] 

As an example, calculate 

~2[S X , Py] = 2[P X + T x , Py] 

= 2[P X ,Py]+2[P X ,Ty] 

= [P X ,Py} + [P X ,Py}+2[P X ,Ty] 

= [Prj Py] + [£>X ~l~ Txi Sy + Ty] — 2[S X + T X , Ty] 

= [Prj Py] + [So;; $2/] + [Sxi Py] + [Pe> <Sy] + [T x , Ty] — 2[S X , Ty] — 2[T! r , Ty] 
= [Pxi Py] + [Sxi Sy] — [T x , Ty] 

= [Pxi Py] + S[ X) y] — 2[S X , Ty] — T^y^ + 2[T X , Sy] 

= [Pxi Py] ~ P[x,y]- 

All other required equalities in (|3,ip can be verified in the same way. The result tells us that 
(T, P) and (P, 5) are the Moufang-Mal'tsev pairs, which in turn implies that (— P, —T) and 
(— S, — P) must be the Moufang-Mal'tsev pairs as well. □ 

It follows from Lemma 13.21 that the Moufang-Mal'tsev pair (S, T) is invariant under the 
substitutions 

a = (S^T^P^S) 
t = (S -» -T -> S)(P -» -P) 
a 2 = (5 -» P -» T -> 5) 
a o r = (5 -» -P -> 5)(T -» -T) 
a 2 o T = (T -» -P -» T)(S -» -5) 
which we call the triality substitutions. So it is natural to proclaim: 
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Theorem 3.3 (principle of triality). All algebraic consequences of the Moufang-Mal'tsev condi- 
tions are triality invariant. 

Such a symmetry we call triality. It suggests that we should try to handle the Moufang- 
Mal'tsev pairs in triality symmetric manner. 
In particular, by using the triality conjugation, 



p + 


= S- 


T = 


P + 2S = 


-P- 


2T 


s + 


= T - 


P = 


S + 2T = 


-S- 


2P 


T+ 


= P- 


S = 


T + 2P = 


—T — 


2S 



with the evident property 

S + + T+ + P + = 
one can rewrite the Moufang-Mal'tsev conditions as follows: 

[Sxi \ = , Sy] = Sfay] 

[Tx,Ty^~] = [T^ ,T y ] = Ty x ^ 
\PxiPy ] = \P X i Py] = P[x,y] 

Note that 

3P = T+ - S + = P + + 2T+ = -P+ - 2S + 
3S = P + - T+ = S + + 2P + = -S + - 2T+ 
3T = S + - P + = T + + 2S + = -T+ - 2P+ 

which means that the triality conjugation is invertible. 

4 Yamagutian 

We introduced the triple (S,T,P) via the triality symmetric identity (|3.ip . Following triality, 
it is natural to search for other but nontrivial triality invariant combinations of the maps from 
the triple (S,T,P). 

Definition 4.1 (Yamagutian [4J). The Yamagutian of (S,T) is the skew-symmetric bilinear 
map Y : M <g> M -> L defined (cf (J3HD) by 

6Y(x; y) = [S x , S y ] + [T Xl T y ] + [P x , P y ] 
= -Y(y;x) 

We can see the evident but important 
Proposition 4.2. The Yamagutian Y is triality invariant. 

By triality symmetry, the Yamagutian Y can be redefined in several useful ways. In particular, 

6Y(x;y) = 3[S x ,S y ] - S^ y] 
= 3[Ta.,r y ] - Tj+ y j 
= 3^,^] - P[ XiV ] 
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and one can also verify that 

6Y(x;y)=2P+ y] -6[S x ,T y ] 
= ^ y] -6[T x ,P y ] 

Later we shall need the 

Proposition 4.3. Let (S,T) be a Moufang-Mal'tsev pair. Then 

6Y(x;y) = [S+,S+]+S+ ;y] (4.1a) 

= P?^]+2ff, tf] (4-lb) 

= [P+,P+]+P+ y] (4.1c) 

for all x, y in M. 

Proof. Due to triality, check only the last formula (|4.1b ): 

[Pi ) Py ] = —Tx,Sy— Ty] 

= [Sxt Sy] — 2[S X , Ty] + [T X , Ty] 

= \Y{x;y) + \S+ 4J] + iy(xjy) - ^ + l -Y{x;y) + ±z£ y] 

= Y(* ;y )-P+ j/] □ 

Remark 4.4. Formulae (|4.1a -c) tell us that the Yamagutian Y measures the deviation of S + , 
T + and P + from the anti- algebra maps. 

Corollary 4.5. We have 

l8Y(x, y) = [S+, S+] + [T+, T+] + [P+, P+] 

Theorem 4.6. Let (S,T) be a Moufang-Mal'tsev pair. Then 

1 2 

[&., 5 y ] = 2Y(x; y) + -S [x ^ y] + -T^ 

[^jTy] = -Y(x;y) + -5 [a!)V ] - gT[ XiV ] 

2 1 

[T«,r B ] = 2Y(x;y) - -S [x , y] - -T [a , )V] 

Proof. Evident. □ 
Corollary 4.7. 5y triality, we have 

1 2 

[T x , Tj,] = 2Y(x; y) + -T [a , iW ] + -Pfoj,] 

[T x ,P y ] = ~Y(x;y) + -T [x>y] - -P[ x>y ] 

2 1 

[P x ,Py] = 2Y(x;y) - -T [Xjy] - -P[ x>y ] 
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and 

1 2 

[P x ,P y ] = 2Y{x; y) + -P [Xyy] + -S [x>v] 

[Px,S y ] = -Y(x;y) + -P[ x , y ] - ^S [Xty] 

2 1 

[S x , S y ] = 2Y{x; y) - -P[ x , y ] - 2 S [*,v] 

Proposition 4.8. Let (S,T) be a Moufang-Mal'tsev pair. Then 

6[Y(x; y), S z ] = 3[[S X , S y ], S z ] - (4.2a) 

Q[Y(x;y),T z ] = 3[[T X , T y ], T z ] - T [[x>y]>z] (4.2b) 

6[Y(x; y),P z ] = 3[[P X , P y ], P z ] - P [[x ^ z] (4.2c) 

for all x, y, z in M. 

Proof. Due to triality, only the first identity must be checked: 

6[Y(x;y),S z ] = [3[S x ,S y ]-S+ >y] ,S z ] 

= 3[[S X , S y ], S z ] — P^yp Sz] 

= 3[[S X , S y ], S z ] - S[[ Xj y] jZ ] □ 
Corollary 4.9. Adding formulae {^.2f i-c) we obtain (cf $3.1\) ) the triality symmetric identity 

[[S X , Sy],S Z ] + [[T X ,Ty],T Z ] + [[P X ,Py],P Z ] = 

Corollary 4.10. In \^.2p ,-c) make twicely cyclic permutation of x,y,z and add the resulting 
equalities with the original ones. Then we obtain 

6[Y(x; y), S z ] + 6[Y(y, z), S x ] + 6[Y(z; x), S y ] = S J{x>y>z) 
6[Y(x; y),T z ] + 6[Y(y, z),T x ] + 6[Y(z; x),T y ] = T J{x>y>z) 
6[Y(x; y),P z ] + Q[Y(y, z),P x ] + 6[Y(z; x),P y ] = P J{x ^ z) 

Proposition 4.11. Let (S,T) be a Moufang-Mal'tsev pair. Then 

Ky] » T ^ + KvM > T ^ + Km ' T ^ = T J(x,y,z) (4-3b) 

Ky] ' p ^ + Km ' p ^ + Km = P J(^yM ( 43c ) 

for all x, y, z in M . 

Proof. Subtracting (|4.2b ) from (|4.2a . we obtain 

6[Y(x, y),P+] = 3[[S x ,S y ], S z ] - 3[[T x ,T y ],T z ] - P+. ^ 
On the other hand, using (|4.2b ). we have 

Q[Y(x; y),P + ] = [[P+, P+], P+] + [P^ y] ,P+] 
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and so we obtain 

K,vV P ^ = - P kv\A + ^,S v },S g } - 3[[T x ,T y },T z ] - P+], P+] 

Now make twicely cyclic permutation of x, y, z and add the resulting equalities with the original 
one. Then, using Jacobi conditions (in L) and the definition of J on the right hand-side of 
the resulting equality we obtain (|4.3b ). The remaining identities (|4.3a .b) are evident from 
triality. □ 

Lemma 4.12. Let (S,T) be a Moufang-Mal'tsev pair. Then 

Y([x,y];z)+Y([y,z];x)+Y([z,x];y)=0, Vx,y,z£M (4.4) 
Proof. Use ([4.1b ) to obtain 

6Y([x,y];z) = [P+ yV P+] + P+ jyU 

Make here twicely the cyclic permutation of x, y, z and add the resulting equalities with the 
original one. Then use (|4,3b ) and the definition of J to obtain the desired identity (|4.4p . □ 
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